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Dillenberger (2010) introduced the negative certainty independence (NCI) axiom, which captures the
certainty effect phenomenon. He left open the question of whether there are continuous and monotone
preference relations over simple lotteries that satisfy NCI but do not belong to the betweenness class of
preferences considered by Chew (1989) and Dekel (1986). We answer this question in the affirmative.

© 2013 The Authors. Published by Elsevier B.V. All rights reserved.

1. Introduction

Dillenberger (2010) suggests negative certainty independence
(henceforth NCI) as a behavioral axiom, imposed on preferences
over monetary lotteries, that captures Kahneman and Tversky’s
(1979) idea of “certainty effect”. NCI is a weakening of the stan-
dard vNM-independence that can accommodate, for example,
the typical behavior reported in experimental studies of the Al-
lais paradoxes (common ratio and common consequence effects).
Dillenberger explored the implications of NCI in other domains,
and established an equivalence between static preferences that
satisfy NCI, dynamic preferences that display preferences for
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* Correspondence to: Department of Economics, University of Pennsylvania, 160
McNeil Building, 3718 Locust Walk Philadelphia, PA 19104-6297, USA. Tel.: +1 215
898 1503; fax: +1 215 573 2057.

E-mail addresses: ddill@sas.upenn.edu (D. Dillenberger), erols@sas.upenn.edu
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one-shot resolution of uncertainty, and preferences over informa-
tion structures that rank perfect information as the most valuable
information system. The leading example of a known model that
satisfies NClis Gul’s (1991) theory of disappointment aversion.! All
known examples, including Gul's model, belong to the class of be-
tweenness preferences, studied in Chew (1989) and Dekel (1986).
Dillenberger left open the question of whether there are continu-
ous and monotone preferences that satisfy NCI but not between-
ness. Since betweenness preferences represent a thin segment of
non-expected utility models, and they have relatively little empir-
ical support (see, for example, Camerer and Ho (1994)), answering
this question is important in order to understand the scope of ap-
plication of the NCI axiom. In this note, we provide an example of
such a preference relation.

1 Gul's model has one additional parameter, 8 € (—1, 00), compared to the
regular expected utility model. Positive values of 8 correspond to “disappointment
aversion” and negative values correspond to “elation seeking.” If 8 = 0, then the
model is reduced to expected utility. Gul’s preferences satisfy NCI if and only if
B > 0, that is, if the decision maker is disappointment averse.
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2. The model and main result

Consider an interval [w, b] = X C R of monetary prizes. Let
L be the set of all simple lotteries (probability measures with finite
support)over X.Foreachp, g € Landa € (0, 1), the mixture ap+
(1 —a)q € L is the simple lottery that yields each prize x with
probability ap (x) + (1 — @) q (x). We denote by &, € £ the degen-
erate lottery that gives the prize x with certainty, that s, §x (x) = 1.
Note that for any lottery p € L wehavep =, , P (X) 5x.

Let > be a preference relation (complete and transitive binary
relation) over £. We assume that > is continuous (with respect
to the weak topology) and monotone with respect to first-order
stochastic dominance. A function V : £ — Rrepresents > ifp > q
<V =V.

The following axiom was introduced and motivated by Dillen-
berger (2010); it is a weakening of the vNM-independence axiom
that takes into account the certainty effect.

Axiom 1 (Negative Certainty Independence (NCI)). For all p, q, 6y €
Land A € [0, 1],p > 8¢ implies that Ap+(1—A)q > Adx+(1—A)q.

In words, the axiom states that, if the decision-maker weakly
prefers a lottery to a degenerate lottery yielding a sure monetary
prize, then mixing both lotteries with the same third lottery (us-
ing the same weight) should not reverse the preference. Roughly
speaking, the idea is that a sure outcome suffers more (or gains
less) than any lottery from mixtures that eliminate its certainty ap-
peal. As we pointed out in the introduction, NCI played a key role
in the analysis of Dillenberger (2010).2

The next axiom, which was first introduced by Chew (1989) and
Dekel (1986), is a different weakening of the vNM-independence
axiom, and is called betweenness.

Axiom 2 (Betweenness). For allp,q € £Landa € [0,1],p = ¢q
implies thatp > ap + (1 — ) q > q.

Betweenness implies neutrality towards mixtures of two in-
different lotteries.> Dillenberger (2010) left open the question of
whether there are continuous and monotone preference relations
over £ that satisfy NCI but not betweenness.* The next proposition
gives an affirmative answer.

2 10 see how NCI can accommodate the behavior observed in Allais’ paradoxes,
consider, for example, (a version of) Allais’ common ratio effect. Subjects choose
between A and B, where A = $3000 and B = 0.8 chance of $4000 and 0.2 chance of
$0. They also choose between C and D, where C = 0.25 chance of $3000 and 0.75
chance of $0, and D = 0.2 chance of $4000 and 0.8 chance of $0. The majority of
subjects choose the pair (A, D), in violation of expected utility (note that options C
and D are obtained by mixing options A and B, respectively, with the option that
yields $0 for sure). NCI is consistent with this behavior, since the only pattern of
choice which is inconsistent with NCI is the pair (B, C); this pattern, however, is
rarely observed.

3 Therefore, betweenness indifference curves in any probability triangle are
straight lines, though, unlike in expected utility, they need not be parallel.

4 Without continuity and monotonicity, it is relatively easy to construct prefer-
ences that satisfy NCI and not betweenness. For example, let V (p) = >, U (x;, p)
p (x;), where

oy Jv) p=dy
Ui, p) = {u (x;)  otherwise

and v (x) > u (x) for all x. These discontinuous preferences first studied by Schmidt
(1998) and further analyzed in, for example, Andreoni and Sprenger (2009). These
preferences satisfy NCI: V (p) > V (&) is equivalent to ), u (x;) p (x;) > v (x), and,
since v (x) > u (x),

Viep+(1—a)g) = Y ux)(@p )+ (1-a)qx)

v

au(x)+(1—a) ) u@)q) =V (@ +(1-a)q.

Proposition 1. There is a continuous and monotone function V
£ — R, which represents preferences that satisfy NCI but not be-
tweenness.

Proof. Fixn, msuchthatw <n < m < b. Let

ui(x) =x, and

X+m .
5 ifx >m
U (x) = {x ifm>x>n
Xx+n .
ifn > x.
2

Fori = 1, 2, denote by e; (p) the expected utility of a lottery p € £
using the function u;, that is, e; (p) = Y, u;(x)p (x). Define

V(p) = min{e;(p), e2(p)} .

We now verify that V satisfies all properties in Proposition 1.3 Since
both u; and u; are continuous and bounded, their respective ex-
pectations are also continuous, and thus V is continuous. To show
monotonicity, note that, if p first-order stochastically dominates g,
then e;(p) > e;(q) fori = 1, 2, and thus V(p) > V(q), as required.

To show that NCl is satisfied, we first define, for a given lottery p,
the lotteries p;, py, and py as the restrictions of p to outcomes, re-
spectively, strictly less than n, between n and m, and strictly larger
than m. Let «;, ay, and ay be the probabilities assigned to each
interval by p. Then

p = opr + ompPm + OHPH.-
Note that

e1(p) = are1(py) + amer(pm) + aper(py)

and that
n+e m+4e
ex(p) = WL+W + ayper(pu) "I‘C(H#

_ V@ +e®)
: 5 ,
where ¥ (p) = oin + ayei;(py) + aym. Since e;(py) € [n, m],
¥ (p) € [n, m] as well. Summing up,

_ep)+ v
ep) =—"7—",

> ¥ (p) € [n, m]. (1)

Suppose that NCI is not satisfied. Then there exist p, g, x, and
a € (0, 1) such that

V(p) = V(), and (2)
Viep+ (1 —a)q) < V(ad+ (1 -a)q). (3)

Without loss of generality, let V(6x) = ex(x) < e;(6x), where {j, k}
= {1,2}. That is, if k = 1 then V(6y) = x, and if k = 2 then
V(8,) = ™. From (2), we have

ej(p), ex(p) = min{e;(p), ex(p)} = V(p) > ex(Sy),

These preferences violate betweenness. For example, take u (x) = xand v (x) = 2x,
and observe that

V (81) = V (0.584 + 0.580) = 2 > 1.5 = V (0.58; + 0.5 (0.58; + 0.58)) .

5 When we discuss these properties, we use the function V and the underlying
preferences > interchangeably.
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SO
ei(p). ex(p), €(3x) = ew(dy). (4)
By (3),
Vip+ (1 —-—a)q) <V(ad+(1—a)q)
<ej(ady+ (1 —a)q), ex(edy + (1 — ) Q). (5)

IfV(ep+ (1 —a)q) = ex(ap+ (1 — @) q), then (5) implies that
ex(ap+ (1 —a)q) < ex(ady + (1 —«a)q) and, therefore, ex(p) <
ex(8y), which is a contradiction to (4).

IfV(ap+ (1 —a)q) = ej(ap+ (1 — a) q), then (5) implies that
ejlap+ (1 —a)q) < ej(ady + (1 — ) g) and, therefore,

ej(p) < €i(8x). (6)
Thus ex(6x) < ej(p) < ej(8x), which implies that e;(5x) # e;j(x).
Then there are two possibilities: either x < norx > m.
Ifx < n,thene; () = x < & =e;(8,), s0 k = 1.By (4),
e1(p) = ek(p) = ex(dx) = x.
Recall from (1) that ¢ (p) > n. Since e;(p) > x,
V() +e) ntx
2 -2
Equivalently, ej(p) > e;(8x), which is a contradiction to (6).
Ifx > m, then e;(§,) = x > ™ = e,(8,), s0 k = 2. By (6),
e1(p) = ¢i(p) < (8 =x.
Recall from (1) that ¥ (p) > n. Since e;(p) < x,
V() +e®) _mtx
2 2

Equivalently, e, (p) < ex(8y), which is a contradiction to (4).
Lastly, we show that V violates betweenness. Pick 0 < & <
min {2 (n — w) , b — m, m — n}, and consider the lotteries p = %(Sn

+ $8(mte) and q = %8(,1,%) + 38(n+e) + 38m. Note that

= e3(8y).

ex(p) =

e2(p) = = e2(8x).

2 1 1
e1(p) = zntgmtge

2 1 1
ez(P)=§"+§m+g€,
@ =2n+ im4
e =_-n+-m+ —e,
W= 3nr3mTg
@ 2 11
e =-n+-m+ —e,
2= gmTy

SO

V(p) = ea(p) = e1(q@) = V(q).
Foranya € (0, 1),

2 1 1
eflapt+(1—a)g) =zn+-m+ - (1+a)e,

3 3 6
@+ -y = ont omt ~ (222
e - =-n+-m+ - €,
2P WO =3nTamT el
and, therefore,
1
y : _2 1 1 14+« 0455
(ap + ( —oz)q)_gn—{—gm—l—gex 3 4 1
o> =
2 3

#V(p)=V(g. O
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